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The appliability of the Fisher equation, whih ombines diusion with logisti nonlinearity,
to population dynamis of baterial olonies is studied with the help of expliit analyti solutions
for the spatial distribution of a stationary baterial population under a stati mask. The mask
protets the bateria from ultraviolet light. The solution, whih is in terms of Jaobian ellipti
funtions, is used to provide a pratial presription to extrat Fisher equation parameters from
observations and to deide on the validity of the Fisher equation.
PACS numbers: 87.17.Aa, 87.17.Ee, 87.18.Hf
INTRODUCTION
Evolution of baterial olonies is a subjet of obvi-
ous medial importane and has been studied reently
[1, 2, 3, 4, 5℄ experimentally as well as theoretially.
Some theoretial desriptions have avoided phenomena
suh as mutation and have foused on growth, ompeti-
tion for resoures, and diusion. In terms of the respe-
tive parameters a (growth rate), b (ompetition param-
eter), and D (diusion oeient), the basi equation
governing the spatio-temporal dynamis of the baterial
population u (x, t) at a position x and time t has been
taken to be the Fisher equation [6℄
∂u (x, t)
∂t
= D
∂2u (x, t)
∂x2
+ au (x, t)− bu2 (x, t) . (1)
For simpliity, we onsider throughout this paper only
the 1-dimensional situation whih is indeed appropriate
to the observations reported. Experiments have been ar-
ried out with moving masks [3℄ and observations have
been reported about extintion transitions suggested ear-
lier in theoretial alulations [4℄ and in numerial simu-
lations [5℄. Those theoretial alulations have foused on
systems in whih the growth rate a varies from loation to
loation in a disordered manner, and have employed teh-
niques based on linearization of the Fisher equation. The
rst feature has allowed the analysis to use onepts from
Anderson loalization [7℄, a phenomenon well-known in
solid state physis of quantum mehanial systems. The
seond feature has relegated the nonlinearity harater
of Fisher's equation to a seondary role. Beause we sus-
pet nonlinear features represented by −bu2 in (1) to be
of entral importane to baterial evolution, we have de-
veloped a theoretial approah whih generally retains
the full nonlinearity of that ompetition term. In the
present paper, whih is the rst of a series built on this
approah of maintaining the nonlinearity in the equa-
tion, we fous our attention on the eet of a mask on
the spatial distribution of the stationary population of
the bateria.
Consider, as in the moving mask experiments [3℄, an
eetively linear petri dish in whih a mask shades ba-
teria from harmful ultraviolet light whih kills them in
regions outside the mask but allows them to grow in re-
gions under the mask. Unlike in the moving mask exper-
iments, however, onsider that the mask does not move
but is left stationary. Interest is in the x -dependene of
the stationary population of the bateria. As in previous
onsiderations [3℄, we will assume that the growth rate
has a positive onstant value a inside the mask, and a
negative value outside the mask.
If we take the value of a outside the mask to be neg-
ative innite to reet extremely harsh onditions (due
to ultraviolet light) when the bateria are not shaded
from the light, we an take the population at the mask
edges and outside to be identially zero. We will put
∂u (x, t) /∂t = 0 in (1 ) to reet stationarity, introdue
a saled position variable ξ = x/
√
D for simpliity, and
begin our analysis with the ordinary dierential equation
for the stationary population u (ξ):
d2u (ξ)
dξ2
+ au (ξ)− bu2 (ξ) = 0. (2)
Our interest is in the regions in the interior of the mask of
width 2w, i.e., for −w ≤ x ≤ w, the boundary onditions
being u
(
±w/√D
)
= 0.
The purpose of our investigation is to give a pratial
presription to deide on the appliability of the Fisher
equation to baterial evolution, and to extrat the param-
eters D, a, b from observations if the equation is found
to be appliable.
ELLIPTIC SOLUTIONS IN THE INTERIOR AND
EXTRACTION OF FISHER PARAMETERS
The solutions of (2) an be written in terms of Jao-
bian ellipti funtions as follows. It is known [8℄ that
2the square of any of n(ξ, k), sn(ξ, k) or dn(ξ, k), satises
an equation resembling (2). Here, we use the notation
that k is the ellipti parameter [9℄ rather than the ellip-
ti modulus whih is the square of k. Thus, y = sn2(ξ, k)
is known to satisfy
d2y
dξ2
+ 4
(
1 + k2
)
y − 6k2y2 = 2. (3)
Comparison of (3) with (2) shows that the signs of the
linear and quadrati oeients are the same in the two
equations but (3) has an extra onstant term on the right
hand side. This dierene, as well as the fat that the
baterial system has more independent parameters than
the single k that appears in (3), suggests that we augment
sn
2(x, k) by phase and amplitude parameters, i.e., take
as the solution of (2) within the mask
ui (ξ) = α sn
2 (βξ + δ, k) + γ, (4)
and obtain the quantities α, β, δ, γ by dierentiating (4)
or by other means. The sux i represents the interior
of the mask. Symmetry onsiderations, speially the
requirement that the maximum of ui (ξ) be at ξ = 0, lead
to an evaluation of δ as half the period of sn2. A shift
identity allows the rewriting of (4) as
ui (ξ) = α d
2 (βξ, k) + γ, (5)
the d funtion [8℄ being simply the ratio n/sn.
On dierentiating (5) twie w.r.t. x, using the rela-
tionships among the ellipti funtions, and substituting
in (2), we nd:
4β2(k2 + 1)− a+ 2bγ = 0,
6k2β2 − bα = 0,
2αβ2(1− k2) + γ(a− γb) = 0.
Solution of this algebrai system leads to the result that
α and γ are proportional to eah other through a fator
whih is a funtion only of the ellipti parameter,
γ = α
[
− (k2 + 1)+√1− k2 + k4
3k2
]
.
We also nd expliit onnetions between the quantities
α, β and two of the Fisher parameters of the baterial
system a, b,
α =
(
3a
2b
)
k2
(
1− k2 + k4)−1/2
β2 =
(
a
4
) (
1− k2 + k4)−1/2 . (6)
This allows us to write the stationary solution as
ui (ξ) = (a/b)
[
fα (k) d
2
(√
afβ (k) ξ, k
)
+ fγ (k)
]
(7)
expliitly in terms of the Fisher parameters a, b and three
funtions of k alone:
fα (k) = (3/2)k
2
(
k′2 + k4
)−1/2
fβ (k) = (1/2)
(
k′2 + k4
)−1/4
fγ (k) = (1/2)
[
1− (k2 + 1) (k′2 + k4)−1/2] . (8)
Here k′2 = 1− k2.
Equation (7) provides us with the means to meet
the primary goal of this investigation. The pratial
presription we seek for investigating the appliability
of the Fisher equation begins with tting (7) to the
observed stationary prole. A least-squares proedure
yields a, b, k. For sensitivity purposes we use the nome
q = exp (−piK ′/K) for tting [10℄ rather than k. The
relation
um =
a
b
[ fα (k) + fγ (k)] (9)
=
a
2b
(
k2 − k′2 + (k′2 + k4)1/2
)
(k′2 + k4)−1/2
between the maximum value of the baterial population
um and the extrated parameters provides a hek on the
proedure. The determination of the diusion onstant
D follows the determination of k. For this we an use
the boundary ondition mentioned above, that u(ξ) van-
ishes at the edges of the mask: ξ = ±w/√D. Equation
(7) leads then to an impliit expression whih yields the
diusion onstant D :
n
2
(
(a/4)
(
1− k2 + k4)−1/2 w/√D, k) = (10)[
(
(
k2 + 1
)− (1− k2 + k4)1/2)(1 − k2)]
k2(2− k2 + (1− k2 + k4)1/2)
.
Our presription for the extration of Fisher parame-
ters D, a, b is, thus, omplete provided we an assume
the onditions outside of the mask to be harsh enough
to put u at the edges to vanish. This assumption an be
tested from the observations. The question of the very
appliability of the Fisher equation to the baterial sys-
tem an be addressed by the quality of the ts of solution
to the data. Fits of poor quality would neessitate a re-
thinking of the quadrati nonlinearities assumed in the
equation, indeed of the entire form of the equation.
We illustrate our pratial presription in Fig. 1. We
have onsidered two hypothetial ases of the observed
stationary prole of he baterial population. One per-
tains to a situation in whih the Fisher equation is ap-
pliable: (1a); the other in whih it is not: (1b). The
`data' orrespond, respetively, to stationary solutions of
(1) and of the so-alled Nagumo equation [11℄
∂u
∂t
= D
∂2u
∂x2
+ (u− C) (Au−Bu2) , (11)
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FIG. 1: Proedure to determine appliability of Fisher equa-
tion and/or to extrat parameters from observations. Shown
is a least-squares tting of the analyti solution, Eq(7), of the
Fisher equation, to numerially generated `data' by adding
noise to theoretial preditions in two ases. In a) the Fisher
equation an be onsidered appliable while in b) it annot.
noise having been added in eah ase to simulate experi-
ments.
The numerially generated data are plotted with irles
while the full line urve shows the best t. We see that
in Fig. 1a, the Fisher solution mathes well the data. By
ontrast, the tting proedure fails in 1b. The intrinsi
non-linearities in the data of 1b are dierent from those
harateristi of the Fisher equation (ompare Eqs. (1)
and (11)). Some of the data features in 1b, as for exam-
ple the hange in onavity and the zero derivative at the
borders of the mask an not be reprodued by the ana-
lyti solution Eq (7). Thus, we have shown here how one
would determine learly the appliability of the Fisher
equation to a given set of observations.
How would one proeed if, in the light of experiment,
the Fisher equation turns out to be inappliable in this
way? We suggest an additional presription to obtain
the form of the nonlinearity from the stationary mask
observations. The observed stationary baterial prole
is ui (x) . A numerial dierentiation proedure an be
made to produe d2ui (x) /dx
2. A plot of d2ui (x) /dx
2
versus ui (x) , the dierent points orresponding to dif-
ferent values of x, would either onrm Fisher behavior
or point to nonlinearities, suh as that in the Nagumo
equation, other than that assumed in the Fisher equa-
tion. Fig. 2 illustrates this presription in the ontext
of the assumed observations in Fig. 1a and Fig. 1b.
The `data' were numerially dierentiated in eah ase
and the seond spatial derivative was plotted versus u as
shown [12℄.
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FIG. 2: Proedure to extrat from experiment the type of
non-linearity in baterial evolution. Numerially obtained
seond derivative of u is plotted against u in the two ases
a and b of Fig. 1.
While the quadrati nonlinearity harateristi of the
Fisher equation is ompatible with Fig 2a, the urvature
of the data in Fig. 2b immediately points out the in-
ompatibility with the Fisher equation and suggests a
Nagumo-like alternative.
DEPENDENCE ON MASK SIZE
Obviously, good experimental pratie should use for
the extration of the Fisher parameters not a single mask
but masks of varying sizes. It is lear that the peak value
4of the prole, um, will derease as the mask size is de-
reased (alternatively as the diusion oeient is in-
reased). However, what is the preise dependene of the
stationary prole on the size of the mask, as the size is
varied? In answering this question, one nds that the pe-
uliarities of the ellipti solutions produe a bifuration
behavior: there is a minimum mask size below whih ba-
teria annot be supported beause they diuse into the
harsh regions where they die. We suggest that this ef-
fet, known in the study of phytoplankton blooms [11℄,
be used to validate the Fisher equation in baterial pop-
ulation as follows.
The dependene of the peak value of the stationary
baterial population on k is in (9) whereas the depen-
dene of the mask width 2w on k is obtained by inverting
(10)
w =
√
D
(a/4)(1−k2+k4)−1/2
n
−1
(([
((k2+1)−(1−k2+k4)1/2)(1−k2)
]
k2(2−k2+(1−k2+k4)1/2)
)1/2
|k
)
.
(12)
The onjuntion of (9) and (12) yield the dependene
of the prole peak on the mask size. For a given set
of Fisher parameters, a derease in the mask width 2w
from large values auses a derease in k. This derease is
monotoni. The value k = 0 is reahed at a nite value
of the width. In this limit, the ellipti funtion d(βξ, k)
beomes its trigonometri ounterpart os(βξ), and (10)
redues to
cos2
(w
2
√
a/D
)
= 0.5. (13)
Thus, there is a ritial size 2wc of the mask:
2wc = pi
√
D
a
. (14)
No stationary baterial population an be supported be-
low suh a size. An exellent experimental hek on the
appliability of the Fisher equation ould be the deter-
mination of this bifuration behavior. On the basis of
quoted [3, 5℄ values D ≈ 10−5 m2/s, a ≈ 10−4/s, we
obtain the ritial mask size to be of the order of half a
m, a limit that should be observable.
If we relax the ondition that the environment outside
the mask is harsh enough to ensure zero population of the
bateria, Dirihlet boundary onditions used in the pre-
vious analysis are not appropriate. In the steady state,
the baterial onentration just outside the borders of
the mask would then be dierent from zero as a result
of nite diusion. While the ellipti funtion solution in
Eq. (7) (but without the Dirihlet boundary ondition)
is appropriate inside the mask, it turns out to be exeed-
ingly diult to nd a solution outside the mask. If one
starts out with the same (ellipti) form of the solution
outside but with a negative but nite value of a, one gets
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FIG. 3: Redution of the ritial size of the mask as a result
of the niteness of a outside the mask. Shown as (a) is the
dependene of the maximum of the prole, um, on the width
of the mask. For omparison we give (b), the um dependene
on 2w in the Dirihlet ase. For ase (a), the inset shows the
atual proles for several values of the width.
the requirement that u (ξ) be negative. This is not allow-
able sine u (ξ) is a baterial density whih must remain
positive. Other known solutions
u(ξ) = − (3/2) (a/b)
cosh2
(√
aξ
2
)
(15)
are also rejeted on aount of their patent negativity. It
is possible, however, to obtain reasonable solutions [13℄ if
it is assumed that the baterial densities outside the mask
are so small that the quadrati term proportional to b
may be negleted in the Fisher equation for the analysis
in the exterior of the mask. Suh an analysis leads to a
smaller ritial size relative to that in (14). Fig. 3 shows
the dependene of um on mask size for both the ases
of (a) innite and (b) nite (b) (negative) a outside the
mask. The inset shows the x dependene of the solution
for the latter ase.
REMARKS
Our interest in the present paper being in the deter-
mination of the appliability of the Fisher equation to
experiments urrently being onduted on the baterial
evolution in Petri dishes, we have displayed the expliit
solution (7) to the Fisher equation (2) in the innite-time
limit when a stationary mask of given width shades the
bateria under it from harsh onditions outside it. Suh
stationary mask experiments we propose are easier and
5more diret for the purposes of determination of the va-
lidity of the Fisher equation, and for the extration of
the parameters of the equation. It is our suggestion that
parameters extrated in this manner may be used subse-
quently for the analysis of moving mask experiments [3℄,
with greater ondene in the reliability of the parameter
values.
We have indiated expliitly how the extration of the
Fisher parameters may be arried out. The numerial t-
ting proedure in Fig. 1a shows the parameters relevant
to the hypothetial observations to be D = 10−5m2/s
, a = 10−4/s, b = 10−8 m3/s and w = 11 m, while
the nome q = 0.8071 [17℄. The proedure does produe
parameter values when applied to Fig. 1b but the qual-
ity of the ts is poor. Suh a situation would signal
the inappliability of the Fisher equation. The `data' in
Fig. 1b have been generated from the Nagumo equation
whose intrinsi nonlinearities are inompatible with those
of the Fisher equation as is visually lear from the best
ts. We have shown in Fig. 2 how general manipula-
tions of the observed data may be used to suggest the
partiular form of nonlinearity to be used in the model.
We have also onluded that the ritial size eet whih
arises diretly from the solution (7) is probably within
observable limits for baterial evolution, the size we pre-
dit in light of quoted parameters being of the order of
0.5 m. This onlusion would neessitate modiation
if the atual values of D and a are dierent from those
urrently believed.
In forthoming publiations we will report our analyses
of the spatio-temporal behavior of the baterial popula-
tion of relevane to time-dependent experiments. Our
basis is the Fisher equation [14℄ and several interesting
alternatives suh as a formalism in whih diusion is neg-
ligible but oherent motion is present [15℄, and a formal-
ism in whih long-range ompetition interations produe
an inuene funtion and onsequently striking patterns
[16℄ in baterial populations.
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